Steps are frequently encountered while mobile robots move in indoor environments; thus, the ability to overcome a step is essential to indoor mobile robots. In this study, a new adaptive transformable wheel is conceptually proposed to effectively overcome steps of different sizes. The center trajectory of the proposed wheel is optimally designed to minimize its fluctuations while the robot overcomes a step. For this purpose, a kinematic analysis of the proposed wheel is performed to identify the points that its center must pass while the robot overcomes a step. The center trajectory is optimized with an objective function to evaluate the mobile stability of the proposed wheel under kinematic constraints to avoid undesired interferences between the wheel and the step. Extensive simulations with different steps verify that the optimal trajectory ensures stable and effective overcoming of steps. The experiment using the prototype of mobile robot equipped with the proposed wheel verifies the smoothness of resulting trajectory of wheel center.
I. INTRODUCTION
As the demand for various indoor applications such as guidance, cleaning, delivery, and health care, etc., has increased, mobile robots for indoor applications have received considerable attention [1] - [7] . It is noted that most of these robots move via the wheel mechanism owing to the simplicity of the structure and the high efficiency on a flat surface. Unfortunately, the wheel mechanism has the inherent defects for overcoming structured obstacles such as steps and stairs, which are frequently encountered in indoor environments. For the wheel to overcome a step passively, the diameter of the wheel must be two times larger than the height of the step [8] . Furthermore, because wheeled mobile robots may suffer from unexpected fluctuations and impacts while overcoming steps or stairs, for safe operation, their speed becomes significantly lower than that on flat ground [2] , [5] .
Many investigations have been performed to resolve such limitations of wheeled mobile robots, which can be classified The associate editor coordinating the review of this manuscript and approving it for publication was Hui Xie . into two categories. In the first category, passive links are incorporated with the wheel mechanism. For example, the Rocker-Bogie mechanism has been widely adopted to enhance the obstacle-overcoming ability of wheeled mobile robots such as the Shrimp Rover and the CRAB, etc [2] , [8] - [11] . However, because most of these mobile robots were developed to overcome obstacles on rough terrain, they are not suitable for indoor applications. Even though active links such as tracks have been attached to the wheel mechanism [4] , [12] , a vertical riser for steps or stairs is indispensable for wheeled mobile robots to overcome these obstacles. Recently, an additional passive link (called a ''Tusk'') was used to create an angle of attack for the initial and climbing steps so that the mobile robot with the Tusk can climb stairs without a riser; however, the angle of the Tusk must be adjusted according to the size of the stairs [13] . Modification of the Tusk with tracks or active links has also been proposed to overcome various stairs with large nose or without risers [14] .
The second category involves changing the wheels of mobile robots from circular to another shape. For example, the Wheel Transformer can quickly overcome a step whose height is 3.5 times larger than the wheel radius through the tactful design of the two-degrees of freedom (DOF) transformable wheel, but it still requires a riser to overcome steps since the transformation of the wheel is triggered by the friction between the wheel and the riser [15] . The Quattroped can overcome steps without a riser by using two-DOF half-circle wheels; however, it must completely stop twice for the wheel alignment during overcoming steps [16] . It is noted that both the Wheel Transformer and the Quattroped can overcome higher steps or stairs than circular wheeled robots but cannot overcome steps or stairs without a vertical riser at a high moving speed. It is noted that the transformed wheel shape and size of the Wheel Transformer and the Quattroped are uniquely determined; thus, the size of the steps or stairs that they can overcome is restricted. Additionally, the resulting motions for overcoming a step or stair have not been fully analyzed, even though they are important for judging the mobile stability.
To resolve these limitations effectively, a new adaptive transformable wheel consisting of three lobes is proposed herein. The size and shape of this wheel can be changed by adjusting the radius of the wheel and the tilting angle of each lobe at the same time so that the proposed wheel allows a mobile robot to overcome various sizes of steps and stairs continuously and quickly in comparison with the existing transformable wheel-based mobile robots. The main goal of this study is to ensure the ability of the mobile robot to stably overcome various steps and stairs via the proposed adaptive transformable wheel. In this study, we focused on overcoming a step because stair-overcoming is identical to the continuous repetition of step-overcoming.
First, the whole procedure of overcoming a step was analyzed in order to kinematically determine how to change the wheel shape along each axis and when to transform its shape along the center trajectory of the proposed wheel. Additionally, a performance index (PI) was introduced to evaluate the motion of the proposed wheel while overcoming steps from the viewpoint of mobile stability. Then, the optimal center trajectory of the proposed wheel was designed to minimize this index. The main focus of previous investigations on transformable wheels [15] , [16] and the passive link with tracks [14] was to overcome obstacles without considering the center trajectory of the wheel. However, in this study, the center trajectory of the proposed wheel was optimally designed by combining continuous transformation of the wheel to ensure that the mobile robot could stably overcome obstacles like steps and stairs. The extensive simulations were conducted with various steps to prove the viability of optimal trajectory planning for the proposed wheel.
The remainder of this paper is organized as follows. In Section II, the new adaptive transformable wheel is introduced, along with its design parameters. A kinematic analysis of the proposed wheel is performed to derive constraints on its trajectory during overcoming a step. In Section III, the PI for evaluating the step-overcoming ability of the proposed wheel is defined, and under constraints, the optimal trajectory planning for the proposed wheel is done. The optimal trajectory obtained in Section III is compared with the general trajectory obtained without the optimization in Section IV by using the PI. With the prototype of 2-DOF wheel, the experimental result is briefly introduced. Finally, concluding remarks are presented in Section V.
II. NEW TRANSFORMABLE WHEEL A. CONCEPT OF ADAPTIVE TRANSFORMABLE WHEEL
The adaptive transformable wheel is proposed in this study to overcome steps effectively. As shown in Fig. 1 , the proposed adaptive transformable wheel has two DOFs: along the r-direction and the θ-direction. Through the transformation, the radius of the proposed wheel can change from 125 mm (in the circular shape) to 220 mm (in the transformed shape), and the tilting angle of each lobe is within the range of ± 40 • . The lobe of the proposed wheel can rotate in both the clockwise and counter-clockwise directions; thus, a mobile robot equipped with the proposed wheel can change its direction of movement on the spot without additional steering or rotating. Unlike wheels of the Wheel Transformer and the Quattroped, the proposed adaptive transformable wheel is characterized by its continuous transformability against obstacles of different sizes. By choosing the proper variations of the radius and tilting angle, the center trajectory of the proposed wheel can be sufficiently smoothed to ensure that the mobile robot stably overcomes steps. Fig. 2 presents examples of the required transformation of the proposed wheel for climbing stairs of different sizes without any interference, where the horizontal and vertical axes correspond to the lengths of the tread and riser, respectively. As shown in Fig. 2 , the sizes of the treads and risers of the stairs range from 260 mm to 340 mm and from 100 mm to 180 mm, respectively. The sizes (tread × riser) of the stairs denoted as (s1), (s2), (s3), and (s4) are 260 mm × 180 mm, 340 mm × 180 mm, 260 mm × 100 mm, and 340 mm × 100, respectively. While stairs (s1) and (s3) have the same riser lengths, stairs (s2) and (s4) have the same tread lengths. Fig. 2 shows that as the slope of the stair becomes steeper, i.e., closer to (s1), the tilting angle of the lobe increases. Additionally, as the tread of the stair becomes larger, i.e., closer to (s4), the radius of the proposed wheel increases. It is noted that as the length of the tread increases, the distance between the end point of the lobe contacting the ground and the riser of the stair (denoted as β 0 ) increases regardless of the length of the riser, as shown in Fig. 2 .
B. KINEMATIC ANALYSIS OF STEP-OVERCOMING
Two cases of step-overcoming with transformations of the proposed wheel are shown in Fig. 3 , where l, h, and s represent the circumference of the lobe, the height of the obstacle, and the initial distance between the wheel and the step, respectively. Recall that β 0 corresponds to the distance between the end point of the lobe contacting the ground and the step when the proposed wheel cannot move forward in the circular shape, owing to the possibility of collision. Thus, β 0 is obviously smaller than l, and the distance s can be expressed by s = n × l + β 0 , as shown in Fig. 3 , where n = 2. The proposed wheel shown in Fig. 3 (a) continuously rotates in the circular shape until encountering a step, but the proposed wheel shown in Fig. 3 (b) starts to transform its shape slightly before encountering a step, which can reduce β 0 by introducing the additional movement β, as shown in Fig. 3(b) . Consequently, the initial distance s can be divided into the detailed regions, i.e., s = 2l + β + β, and the required radius of the transformed wheel in Fig. 3 (b) is significantly smaller than that of the transformed wheel in Fig. 3(a) .
Thus, the resulting height of the center of the proposed wheel is reduced while the robot overcomes the step. In Fig. 3(b) , the center of the proposed wheel to pass mandatorily is denoted as P i , with i = 1, 2, 3, 4. The points P 1 and P 4 are determined by the initial and final positions of the wheel, respectively, however the points P 2 and P 3 are determined by β and β, respectively. Because the required radius of the proposed wheel increases in proportion to β 0 , it is necessary to reduce β 0 by using the linear transform to slightly adjust the radius of the proposed wheel without changing its tilting angle while passing the point P 2 , as shown in Fig. 3(b) .
III. OPTIMAL TRAJECTORY PLANNING A. OBJECTIVE FUNCTION
The indoor mobile robot usually has a small width but a high center of mass similar to an inverted pendulum; thus, even small fluctuations may be detrimental to its stability. Therefore, it is important to reduce the effect of the impact on the robot body when the robot overcomes a step. Notably, such undesired fluctuation mainly occurs when the robot changes its lobes contacting the ground. In particular, owing to the drastic change of the contact surfaces, the mobile robot climbing a step is prone to undergo a large fluctuation and at this moment, the acceleration of the wheel center is increased significantly [3] . Therefore, it is important to minimize the maximum acceleration of the wheel center to reduce the undesired effect of such a large fluctuation. If the wheel center fluctuates frequently, the direction of its speed changes often; consequently, the energy consumption may be increased since a center trajectory is enlarged. From this viewpoint, to reduce the frequent fluctuation of the wheel center, the average acceleration of the wheel center must be minimized during overcoming a step.
Accordingly, a PI for the proposed wheel to overcome a step is defined to minimize the maximum and average accelerations simultaneously, as follows:
where n represents the total number of points chosen in the trajectory. The constraint on the center trajectory is combined with the PI in Eq. (1) to mitigate the effect of unexpected jerk on the robot body, which can be ensured by the C2 continuity of the center trajectory [17] . Other constraints related to the kinematics of the proposed wheel are examined in detail in the following section.
B. PATH GENERATION
The first step for trajectory planning for the proposed wheel is to generate a path for the wheel center, i.e., select the function f i (with i = 1, 2, 3) as the path for the proposed wheel, which can connect the points P i (with i = 1, 2, 3, 4). Since the proposed wheel passes the points P 1 and P 4 in the circular shape, the corresponding slopes and curvatures at these points are assumed to be zero without loss of generality. Although the points P 2 and P 3 can be uniquely determined by β and β, the corresponding slopes and curvatures at these points are still unknown. Therefore, after choosing the proper slopes (a 2 ,a 3 ) and curvatures (c 2 ,c 3 ) at the points P 2 and P 3 with β, the polynomial f i (x) = m k=0 b i,k x k (with i = 1, 2, 3) can be obtained by solving Eqs. (2) and (3):
where P i,x and P i,y represent the x-and y-components of the point P i , respectively, and the slope and curvature at the point P i are expressed by a i and c i , respectively. Fig. 4 presents examples of trajectory planning with cubic (m = 3) and quintic (m = 5) polynomials. As shown in Fig. 4(a) , the center trajectories obtained from the cubic and quintic polynomials are similar. However, as shown in Figs. 4(b) and 4(c), the trends of the resulting accelerations exhibit large discrepancies: while all the accelerations along the Y-axis obtained by both the cubic and quintic polynomials are continuous, the acceleration along the Y-axis obtained by the cubic polynomial is discontinuous at the points P 2 and P 3 , and the acceleration along the Y-axis obtained by the quintic polynomial is continuous and significantly smoother than that obtained by the cubic one. This is because the minimum order of the polynomial for satisfying the conditions of the position, slope, and curvature of the curve simultaneously is 5. Thus, in this study, the quintic polynomial is chosen for f i , with i = 1, 2, 3.
C. TRAJECTORY PLANNING
Trajectory planning is done to determine the movement of the wheel center with the aim of ensuring the continuity of its corresponding acceleration on the given path in Section 3.2.
It is worthwhile to note that the mass of the wheel and its distribution are not considered in the trajectory planning. Instead, it is assumed that the wheel keeps in contact with the ground without slip so that only the rolling occurs while the wheel moves on the ground with a sufficiently large contact friction and driving force, which seems acceptable because the maximum required friction coefficient for the proposed wheel is expected quite smaller than existing mechanisms due to its unique ability to transform its shape [18] . Also, the length of the lobe and the radius of the wheel are set to be 260 mm and 125 mm, respectively. Now, the j th position of the center trajectory is denoted as (x c j ,y c j ), satisfying y c j = f i (x c j ). The moving distances of the proposed wheel along the X-and Y-axes are divided by the steps x c j = x c j − x c j−1 and y c j = y c j − y c j−1 with the time interval t. Then, the corresponding accelerations a c x and a c y along the X-and Y-axes and the curvature c y/x are represented as follows:
If the step along the X-axis is constant, i.e., x c j+1 = x c j = x , the resulting acceleration a c x along the X-axis is zero and continuous according to Eq. (4). Because the path f i (with i = 1, 2, 3) generated in Section 3.2 satisfies the condition of C2 continuity, the curvature c y/x obtained from f i is continuous, and consequently, the continuity of the acceleration a c y is guaranteed by Eqs. (5) and (6) . Therefore, with the constant step along the X-axis for the time interval t, the center trajectory can be built to ensure the continuity of acceleration along both the X-and Y-axes.
The proposed wheel has three DOFs: two DOFs along the r-direction and the θ -direction for wheel transformation and one DOF along the ϕ-direction for wheel rotation. Because only two DOFs are necessary to determine the wheel center, the remaining DOF must be determined in a different way. The point of the lobe contacting the ground is determined by the rotation of this lobe, which implies that the reaming DOF is determined by the contact point of the lobe. As shown in Fig. 5(a) , the position of the wheel center and the contact point of the lobe completely determine the current position and shape of the proposed wheel. It is assumed that similar to the constant movement of the wheel center, the contact point of the lobe moves with a constant step size p , which can reduce the required variations of the proposed wheel along both the r-and θ -directions. In summary, for the path in Section 3.2, the trajectory of the wheel center for ensuring the continuity of acceleration and the trajectory of the contact point for reducing the required variation of the proposed wheel are chosen, which gives the full information of r, θ , and ϕ to determine the position and shape of the proposed wheel for overcoming a step. VOLUME 8, 2020 
D. KINEMATIC CONSTRAINTS
In computing the movement of the proposed wheel with the wheel center and the contact point of the lobe, it is necessary to investigate when the interference between the proposed wheel and a step occurs, which must be reflected in the movement of the proposed wheel to prevent failure in overcoming the step. Fig. 5(b) presents four cases of interferences between the proposed wheel and a step. As shown, the interferences mainly occur between the end points of all lobes and the step. The x-and y-components of the end point of lobe i adjacent to lobe j are denoted as (L ij ) x and (L ij ) y , respectively, as shown in Fig. 5(b) , and the wheel center is denoted as (x c ,y c ). In case 1, the end point L 31 of lobe 3 interferes with the ground along the Y-axis when the proposed wheel starts to transform its shape, which is expressed as follows:
(L 31 ) y = y c − r sin( 5π 6 + ϕ) + 125 cos(ϕ + θ ) < 0 (7)
In cases 2-4, all the lobes of the proposed wheel may have interference with the step while the robot overcomes the step. The interference between lobe 1 of the proposed wheel and the step may occur when β becomes smaller than 0, because lobe 1 is too close to the step. The interference between lobe 2 and the riser of the step may occur when the y-component of lobe 2 is smaller than the height of the step and the distance between the center (x L2 ,y L2 ) of lobe 2 and the edge of the step is smaller than the radius r 2 of lobe 2, as shown in Fig. 5(b) :
where Finally, lobe 3 may have interference with the riser of the step when the wheel changes its shape from the transformed one to the circular one after overcoming the step, as shown in Fig. 5(b) . This is expressed as follows:
IV. OPTIMIZATION AND DISCUSSION

A. OPTIMIZATION
The design parameters β, a 2 , a 3 , c 3 , and c 2 are optimized using MATLAB. A detailed flowchart of the optimal trajectory planning is shown in Fig. 6 . In summary, the information of the step, such as the distance from the contacting lobe of the proposed wheel to the riser of the step and the height of the step, is first given. Then, the search range (β in , β fin , a in , a fin , c in , c fin ) and the search step (β gap , a gap , c gap ) are selected for each parameter. With the initial value of β, the point P i (i = 1,· · · , 4) is computed. Thus, the path f i passing the point P i can be constructed with initial values of a 2 , a 3 , c 2 , and c 3 . For the generated path f i , the wheel center (x c , y c ) and the corresponding contact point of the lobe are computed with constant step sizes x and p , respectively. From the computed wheel center and contact point, the shape of the proposed wheel is uniquely determined, and it is ascertained whether the current shape and location of the proposed wheel interfere with the step or not. If interference with the step occurs, each parameter is sequentially tuned within a search step, as shown in Fig. 6 , and the point P i (i = 1, · · · , 4) is recomputed. Otherwise, the corresponding PI is checked to determine whether it is minimized or not. For the entire ranges of the parameters β, a 2 , a 3 , c 3 , and c 2 , the optimization procedure is repeated to identify the optimal parameter set (β, a 2 , a 3 , c 2 , c 3 ) opt . Additionally, for various steps with different starting points and heights (s,h), the optimization procedure is conducted in a similar manner.
B. SIMULATIONS AND EXPERIMENT
For fair comparison, a simulation to overcome a step without the optimization was performed, where the total simulation time was equal to that required for the simulation with the optimization but the transformation to add the movement β was not done. In the simulation without the optimization, the radius and tilting angle r and θ were assumed to change linearly in proportion to each other during the step-overcoming.
In Fig. 7 , the simulation results without the optimization for overcoming a step 150 mm in height are shown, where the circumference of the lobe was 260 mm and the distance from the starting point to transform the shape of the wheel to the riser of the step was 234 mm (β 0 = 0.9l). As shown in Fig. 7 , the step had no vertical wall between two horizontal planes, indicating that any wheel that employs the friction from the vertical wall for climbing cannot climb up this type of step. In Fig. 7(a) , the trajectory of the wheel center is shown, along with a detailed description of each stage. The proposed wheel started to change its shape at stage (s2) and to climb up the step at stage (s3); that is, lobe 2 of the proposed wheel began to contact the upper side of the step. Fig. 7(b) shows the corresponding radius and tilting angle r and θ , the angular speed of the rotating angleφ and the acceleration of the wheel center, respectively. While the angular speed of the rotating angleφ was kept relatively constant, the radius and tilting angle of the proposed wheel changed significantly in the short time duration. At the stage (s2), the acceleration was likely to undergo a drastic change from 0 to 500 mm/s 2 . Moreover, this higher acceleration was maintained during the remaining stages. Fig. 8 shows the results of the simulation with the optimized trajectory. The step height and the size of wheel were same as those used in the previous simulation. The proposed wheel changed its radius in order to generate the additional movement before climbing the step so that when the wheel starts to climb the step, the location of stage (s2) is moved further to the right, as shown in Fig. 8(a) and the resulting distance between the wheel and the vertical riser of step becomes much closer than that of (s3) shown in Fig. 7(a) . The effect of this linear transformation is readily observed in Fig. 8(a) , where the radius of the proposed wheel of (s3) in Fig. 8(a) is smaller than that (s3) in Fig. 7 (a) so that the resulting trajectory is smoother than the previous one in Fig. 7(a) and especially, in comparison with the trajectory of the wheel center in Fig. 7(a) , the trajectory of the wheel center in Fig. 8(a) is significantly smoother at stages (s2) and (s3); thus, the motion of robot for overcoming the step did not suffer from fluctuations.
Additionally, it is noteworthy that the acceleration of wheel center in Fig. 8(b) , obtained by the optimization is kept below a certain level for the entire time duration even with some changes. Furthermore, the acceleration of wheel center in Fig. 8(b) is considerably smaller than that in Fig. 7(b) , which implies that when moving the proposed wheel with the optimized trajectory, less driving force may be required to lift the mobile robot for overcoming a step and as a result, the energy consumption could be enhanced (please, refer to the supplementary video files for detailed information regarding the simulation). Table 1 shows the simulation results with the optimization for various conditions on the initial distance and the height of the step, where the percentage corresponds to the ratio of reduction of PI through the optimization. The results confirm that as the step height increased and the initial distance from the proposed wheel to the step decreased, the PI was likely to be degraded, possibly because as the slope of the obstacle increased, the slope of the trajectory of the wheel center and the required acceleration were inevitably increased in order to complete the entire transformation of the proposed wheel for the given short distance β 0 . Also, as the distance β 0 decreased, the possibility of interference between the proposed wheel and the step significantly increased; thus, it was difficult to satisfy the constraints, and consequently, the ratio of reduction of PI by the optimal trajectory planning decreased as shown in Table 1 . Therefore, it is important to allow a sufficient distance to the proposed wheel, which can adjust the distance between it and the step optimally by the linear transformation. Fig. 9 shows the detailed mechanical design of a 2-DOF adaptive transformable wheel. As shown in Figs. 9(b) and 9(c), the lobe of proposed wheel can rotate in the counter-clockwise (CCW) and clockwise (CW) directions by operating the upper-and lower-side motors (denoted by red color), respectively. Also, by operating both the upperand lower-side motors simultaneously, the radius of proposed wheel can be increased or decreased as in Fig. 9(d) . It is noteworthy that the proposed wheel in Fig. 9 can separate the wheel rotation from the wheel transformation by tactfully combing belts with DC motors. In Fig. 10 , the experimental results using the prototype of mobile robot equipped with the proposed wheels are shown, where the height of real step is about 170 mm. Even though the mobile robot is supported by the additional links for stable climbing, the center trajectory of wheel in Fig. 10 is quite smooth and comparable to that of track-wheel mechanism [3] , [4] . It is noted that the step in Fig. 10 has a nose, which may be a big hurdle to general wheel-based mechanisms. As confirmed in Fig. 10 , the prototype of mobile robot enables to climb the step stably with the help of the proposed transformable wheel.
V. CONCLUSION
This study presents an optimal trajectory planning method for improving the stability of a mobile robot equipped with a new adaptive transformable wheel to overcome a step. Through a kinematic analysis of the proposed wheel, the entire trajectory of the wheel for overcoming a step was examined, five design parameters to guarantee the smooth motion of the wheel were selected, and a PI was defined to evaluate the mobile stability of the optimized trajectory. For two steps of 150 and 180 mm in the height and different initial distances, the optimization of the trajectory planning was performed using MATLAB. The optimization reduced the PI by 82% maximally, and the resulting trajectory of the wheel center became much smoother significantly; thus, little fluctuation was observed, and any detrimental effect of impact caused by the fluctuations on the mobile robot could be reduced. Through the simulations with a decreasing distance β 0 , it is observed that the optimal values of β, a 2 , and a 3 were determined to prevent interferences while c 2 and c 3 were selected to satisfy the C2 continuity of the path.
In the near future, we are going to improve the step-climbing ability of 2-DOF adaptive transformable wheel-based robot by virtue of advanced control methodology based on a precise dynamic model for the proposed wheel in order to ensure fast and stable locomotion on flat surfaces and various sizes of steps and stairs. We hope that after enhancing the mechanical design of the prototype in Fig. 9 , the detailed analysis and experimental verifications are going to be shared in the next publication.
